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1. The following theorem is an easy consequence of Theorem 2 of [1].

Theorem 1. If F is stable and OF contains a point ot belonging to any-
minimal sets, then OF contains at least one saddle minimal set.

Here F denotes, as in [1], a non-empty, compact and non-open invariant.
set isolated from minimal sets.

As an immediate corollary of the theorem, we get:

Corollary. If F is positively stable and non-dense, every minimal set in F°
is either positively stable or a saddle set. v

2. The following theorem gives a slight improvement of Ura’s criterion of
stability. ‘

Theorem 2. Let M be a compact invariant set (not necessarily isolated’
 from minimal sets). Then M is positively stable if and only if D*(K)CM for-
every minimal set K in M.

Proof. Necessity is obvious since the stability of M implies D*(M)=M"
(Ura’s criterion). Conversely suppose that DH(K)CM for every minimal set
Kin OM. To prove that M is stable, it is sufficient to show that x& M implies.
D-(x)NnM=¢.

Suppose that there exists x&M such that D" (x)"M=¢. Evidently D (x)
NM=D"(x)NOM since xecM and M is compact and invariant. Also, as 0M"
is compact and invariant, D= (x) NdM=J (x)0M and hence D-(x)N8M is also a.
compact invariant set. Let K be a minimal set in D (x)NOM. Then if ye
Kc D~ (x)ndM, we have x&D*(y) cD*(K) which contradicts D*(K)cC M.

3. Let M be a compact invariant set (not necessarily isolated from minimal
sets). Let S*(M) be the smallest positively stable compact invariant set con--
taining M, and 21*(M) the smallest positively asymptotically stable compact:
invariant set containing M. (Of course, S*(M) or 21*(M) may not exist.)

The following theorem is an immediate cohsequence of Theorem 2 above
and Theorem 5 of [11.

Theorem 3. If:

1) D*(M) is compact,
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2) for every minimal set K in 8D*(M), D*(K)cD+*(M),
then S*(M)=D*(M). '

If we further assume that:

3) D*(M) is isolated from minimal sets,
ithen 23V (M) =S*(M)=D*(M).

Conversely, S*(M)=D*(M) implies 1) and 2), and 3*(M)=S*(M)=
DY(M) implies 1),2) and 3).

Corollary. If:

1) D*(M) is compact,

2) ODY(M)O\M contains no minimal sets,
-then ST*(M)=D*(M).

4. It is well known that if M is a weak attractor, 23" (M) =S*(M)=D*(M)
(cf. [21). Therefore, if M is a weak attractor, it must satisfy 1),2) and 3) of
“Theorem 3. The situation will be made clear by the following theorem.

Theorem 4. A compact invariant set M is a positive weak attractor if and
only if :

1) D*(M) is compact,

2) D*(M)—M contains no minimal sets,

3) DY(M) is isolated from minimal sets.

Proof. Suppose that M is a weak attractor. Then it is known that D*(M)
is compact and the region of weak attraction of M:

at(M)=[x; L*(@)NnMx¢]

is a neighbourhood of D*(M). So we have only to show that a*(M)—M
.contains no minimal sets. But this is obvious from the definition of a*(M).

Conversely suppose that 1),2) and 3) are satisfied. Then there exists a
relatively compact neighbourhood U of D*(M) such that U—M contains no
‘minimal sets. We shall show that if V is a sufficiently small neighbourhood of
M, we have n(x,t)€U for any x€V and any >0.

If we assume the contrary, there exists {x,}cU—~M such that x,—xEM
.and

n(x,, t,yeoU

for some ¢,>0. Then, dU being compact, {z(x,,t,)} has a cluster point y=oU.
“Then yeD*(x)cD*(M) and hence D*(M)ndU=¢. This is, however, a con-
‘tradiction since U is a neighbourhood of D*(M).

Therefore, if V is sufficiently small, we have z(x,t)eU for any x<V and
any £>0. Hence we have L*(x)cU. But as U—M contains no minimal sets
by assumption, this implies L*(2) nM=3¢. Thus we have

at(M)DV
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and M is a positive weak attractor.
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( Ricevita la 11-an de majo, 1970)
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