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A Continuous Differential Equation in

Hilbert. Space without Existence

By James A, Yorke™

(University of Maryland)

Let B be a Banach space and let F: RXB—B be continuous. It is known
that if either B is finite dimensional or if F satisfies a Lipschitz condition,
then for each (%, x,) €& RXB there exists a C! function x(z) with values in

B defined for ¢ in an interval neighborhood of ICR of #; such that x(z) =2,
and

(D 2()=F(,z2()), (“°” means “dit” .
Dieudonné [1], [2], gave a very simple example where B=(¢,), (the space of
real-valued sequences x=(x,%,, --+) with x,—0 as n—oco, where ||x||c,=supl|x,]).

He points out that for x=(x;,%,, -+ +), if the n'® coordinate of F(x) is ]xn1172+n‘1,
then F is continuous in (¢o) and there exists no solution x(#) in (¢,) such that
2(0)=(0). Actually his equation has no solutions at all in (c;) ; the nt® coordi-
nate x, satisfies the one dimensional equation #,=]x,|Y?+#x"1 the solution of
which is increasing more rapidly than the maximal solution of r=|r[¥2 with

initial condition r(#)=x,(¢,), ([3], p. 25, see proof of Lemma 2.1). If for
some t,, lim x,(¢,)=0, then

—C0

(2) lim %,(¢,+7)=(sign 7)7%/4, t;+r=domain x ;

n—00

that is, if x(¢)E€(c), then x(¢+7)&(cy), (unless 7=0). This example seems to
depend strongly on the properties of (¢;) (which is not reflexive). See Remark
(i1). As far as I know, no example has been published even where B is a Hilbert
space. I now give such an example with no solution such that x(0)=0.

 Let H be the Hilbert space of sequences of real numbers, y=(y,, Yo, -+ *),

such that ||y||2=>1y?. Let P, be the projections given by P,(y)=(0,---,0, Yy,
Yuto, ** ), n=1,2 --- and Py(y)=y. For tER, y=H, define

0 for +=0,
- >
Py=)Y for t=1,
@-2")P,y+ (2"t —1 P,y  for t€[27 27"*] n=1,2,---,

*)  This research was partially supported by National Science Foundation Grant NSF-
GP-9347.
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Claim. P is continuous on RXH. P is clearly continuous at (¢, x) if £+0.
For continuity at (0, x), let £;—0 and let y; be a sequence of points in H with
Yo Write y;= i1, Yis, - -+). Then for each »

IPeHydlP< Dol for <277, and  limsupl|P()yill< X o3
j=n i—>co j=n

Since 2} x;® can be made as close to 0 as desired by choosing 7 large,
=n

lim SUPi—eo P (t)yill=0, proving the claim Let

G @ =yllyll"/? for y#0 and G(O) 0.
Detine A(y)=(|y1l,|9:l,--+), and let v=(27%,272,273,...) and
F(t, y)=G(P®)AW))+ P (¢/2)v max {0, 4~ '2—lyl}}.
. Note that F: RXH—H is continuous. Write F=(F,, Fy, -+-).

Claim. There is no solution x(-) of (1), whose domain [ is an open interval
containing 0, such that z(0)=0. We now suppose the contrary ; assume that
x(-) is such a solution. Write x(¢)=(x,(¢), ---). Since P(#)=0 for ¢<0, we
have x(2)=0 for #<0. From the definition of A(-), F,(t,¥)=0 for all ¢,y and
n, so each x,(#) is non-decreasing and x,(2)=0 for t€I, so A(x(®))=z() ;
also F(t,0)=4"12P(¢/2)v+0 for >0, so x(t)#0 for t>0. For n=1,2,--- and
12", F,(,¥)=0 and %,(t)=0, so x,)=0 for 127,

Now write r(#)=[|x(#)||"/2. Then for our solution x( - ), 7 is continuous and
for each n,

@rt—1Dx, ()
r(@®)
Hence on [277,277*!] the coordinate x, must be 0; therefore, for all ¢, P(t)

ACx(2))=x(2). Let p(&)=|lx(®)|[%. Then letting <(x, y>=>lx,y;,

z,()= for te[27%, 27717 ; x,,(27%)=0.

(3) %p(t}=2<x(t),a'c(t)>=2|Ix(t)|l3/2+2<x(t), vymax{, }
Z2/xDI¥2=204()  t>0, tEl
Then p(#))=(2/2)* for t>0, [|z()||=?/4 for t=0, and max {0, £2/4—]||x (¢)||} =0.
Hence our particular solution x(z) satisfies (for t<I)-
g@)=x@®|lx@||"2, £>0; that is,
(4) £,(t)=x,)o@)V* 2,02 )=0, for n=1,2,---; t>0.

The solution of (4) for each n (for any continuous scalar function p()>0) is

x,(¢)=0; hence x(¢)=0, contradicting our earlier result. Therefore no solution
x2(¢) can exist with x(0)=0.

Remarks. (i) This example can be extended to many Banach spaces, in-
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cluding Banach spaces of sequences of real numbers, such as ¢,, 1<p<co, in
which “||(xy, %5, - - =N (Y1, Y3, -+ DII” is implied by “|x,|<|y,| for all »”. This
fact (not the existence of an inner product) is needed to guarantee (3) 6=2p%*
for almost all t&1. Note that p is absolutely continuous. For x&¢,, F is contin-
uous without any changes and there is no solution with x(0)=0.

(ii) Although (¢o) is complete, its unit ball is not compact in the weak topo-
logy induced by its dual, which is ¢;. The dual of ¢, is ¢ (which contains (c,)).
Dieudonné’s equation is also defined on g, and since there exists no continuous
projection of ¢ onto (cy), there is no obvious way to restrict his equation to
only (cy). Curiously, Dieudonné’s equation has a solution in ¢ (for any initial
2(0) in (¢p) or even in ¢=), and for each x=(c¢y) and each ¢, x(¢) is the weak
limit of a sequence in (¢;). Since H is reflexive, its unit ball is weakly com-
pact, so no analogous problems arise in the example presented here.
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