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It is well known that for linear systems total stability is equivalent to
uniformly asymptotic stability and that for nonlinear systems, if the Liapunov
function which characterizes the uniformly asymptotic stability satisfies a uni-
form Lipschitz condition, uniformly asymptotic stability implies total stability
(cf. [2]). Miller [1] has shown that if an almost periodic system of ordinary
differential equations has a bounded solution which is totally stable, then the
system has an almost periodic solution, and recently, one of the authors [3]
has shown the existence of an almost periodic solution for functional-differential
equations under the assumption that a bounded solution is uniformly asymp-
totically stable. Both of them have assumed that the solution is unique for
any system in the hull. In this article, by using a technique similar to the one
in [3], we shall show that for more general systems, the uniformly asymptotic
stability of a bounded solution implies total stability.

Consider a system of functional-differential equations

(1) ~ (@) =F(t, ),

and assume that F(¢, ¢): IX Cp+— R" is continuous and |F(¢, ¢)|<L for a constant -
L>0 and all (¢,9)eIxCp+, where R” is the Euclidean n-space, I=[0, o) and
Cp* denotes the set of all continuous vector functions ¢ defined on [—#,0] for
a constant A=0 and satisfying

llell=sup{|¢(@];0[—h, 01} =B*.
We shall denote by Fs(¢,¢) the function defined by
Fs(t,9)=F(t+s, ¢).

Let T(F)={Fs(¢t,¢);scI} and let H(F) be the closure of the set T(F) in the
sense of the uniform convergence on any compact subset of IXCp+. We shall
assume that H(F) is compact, that is, any sequence {Fs:(¢,¢)} in T(F) con-
tains a subsequence which converges to an element of H(F) uniformly on any
compact subset of IXCp+. As is well known, if F(¢, ¢) is almost periodic in #
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uniformly for ¢=Cp+, H(F) consists of the restriction of elements of the hull
of F(z,¢) to [0,0) and H(F) is compact.

Definition. Let £(2) be a solution of the system (1) which satisfies ||&;l|
<B, B<B*, for all t=0. The solution &(¢) is said to be totally stable, if for
any ;=20 and any e>0 there exists a §(¢) >0 such that if G(z, ¢) is continuous
on [£,, ©0) X Cp+ and satisfies

IG(t, ) —F(t,9)|<8(e) for all (z,#)E[ty, ) X Cp, l0—&lI<e,

and if ¢=Cp+ satisfies

[l —E&xll <6 (e,
then any solution x(z) through (¢;,¢) of the system
(2) () =G(t, %)

satisfies
le,— x| <e for all t=z,.

First of all, we shall prove the following lemma.

Lemma 1. Let £(&) be a solution of the system (1) which satisfies ||£||< B,
B<B*, for all t=0. Then £(t) is totally stable if and only if for any $,=0
and any €>0 there exists a 6(e)>0 such that if g(t) is continuous on [t,, o)
and satisfies |g(£)|<8() for all t=t, and if $=Cp+ satisfies

lg—Esll<d (e,
then any solution y(t) through (ty,¢) of the system
(3) () =FC, xD)+9()

satisfies
l€:—y:lI<e for all tzz,.

Proof. The necessity of the condition is clear. We shall now prove the
sufficiency of the condition. Suppose that there exists a t,=I, a function G(z, ¥)
and a solution x2(z) of the system (2) such that ||xs,—&z,]| <8(e) and |lx:, —&sl|=¢
for some #(>t,), though |G( ¢)—F(, ¢)|<6() for all (¢, ¢)E[t,, )X Ch,
ll¢—&:l|<e, where 6(e) is the one given in the condition. Here we can assume
that e<B*—B and ||§;—x:]|<e for all ¢,2,=22=¢,. If we set

g =G, x)—F@,x,) for t;=t=1,,

then |g()|<d(e) for t;=t=t, and g(¢) is continuous on [#,#;]. Moreover, g(z)
can easily be extended to the interval [#,, ) so that |g(¢)|<d(e) for all 1=¢,.
Now consider the system (3). Then we can find a solution y(¢) of (3)
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such that y() =x() for ¢<t;. Obviously, ||&,— vzl =&, —2z||<d() and
l§¢,—ysll=e. Thus there arises a contradiction. This proves the lemma.

To discuss the total stability of a given solution, by Lemma 1, it is sufficient
to consider the system (3) instead of (2).

Now we shall prove the following lemma, which is a generalization of
Lemma 6 in [3] and will be proved by the same idea as in the proof of Lemma
6 in [3].

Lemma 2. Suppose that H(F) is compact and for every GEH(F) the
solution of (2) is unique for the initial condition. Let T >0, Bi(<B*) and K*
be given, where K* is a compact subset of Cpx. Then, for any €>0, there
exists a 0(e)>0 such that for any t, 1, if x(t) is a solution of the system (1)
which satisfies x1,=K* and ||2;]|< B, for all t,<t=<ty+ T, and if g(t) is a con-
tinuous function such that |g(t)|<8(€) on [ty,t,+ T, we have

llX:—y:ll<e for all tE[ty, o+ T,

whenever y(t) is a solution of the system (3) satisfying ||xe,—yt}]|<6().

Proof. Suppose that there is no § which satisfies the conditions in this
lemma. Then, for some >0, e<B*— B, there exist sequences {0:}, {tz}, t:€1,
{x*¥®}, {9:®}, {¥*@} and {z;} such that §, — 0 as k— oo, ||z*||<B,, 2%, EK*,
”xktk_yktk”<8k’ 19 (®)|<0r, TrE[ts, tp+T1] and |lx*;,—y*s||=e, where x*(2) is
a solution of (1) and y*(¢) is a solution of the system

2@ =F(Q, x)+9:(2).

Since z%;, are contained in the compact set K* and 7,—#,<[0, T7], we can assume
that x%;, converges to ¢°€K* and o,=7,—1; to o<[0, T] as £ — co. Moreover,
clearly y*;, converges to ¢° as k— oo, and hence y*; belongs to a compact
subset K, of Cp+. »

Set £%(¢) =x*(t+1,) for te[—h, T, and let

yR@+1p) for te[—h, 0],
7*(or) =y*(zy) for t€[oy, T1.

Then £%(z) and %*(¢) are solutions of

7*(®) ={

2(@)=F(@+ty,2;) on [0, T]
and

£(@)=F(t+te, 2)+9,(¢+122) on [0,0,]

such that

gk =xF;, and 7*,=y%,,
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respectively. Since £¥,€K* 7%, =K, and since {6*(¢)} and {9*(¢)} are uniformly
bounded and equicontinuous on [0, T, there exists a compact subset S of Cp+
such that £%,&S and %S for all t[0, T] and all .. We can assume that
£*(2) and 7*(2) converge to £(t) and %(z) as k— oo, respectively, and that
F(t+1t,,¢) converges to G(t,¢)=H(F) uniformly on [0, T7]1XS. Then clearly
£(¢) is a solution through (0, ¢°) of the system (2) on [0, T], and 7(¢) also is a
solution through (0,¢% of (2) on [0,¢], because |9,(z+12,)| <0 and 8, — 0 as
£ — oo, Therefore, because of the uniqueness, £()=7() on [0,¢]. However,
llz%:;,—y*.||=¢, that is, [|€%:;,—7%:ll=¢ implies that ||é,—7.||=¢. Thus there
arises a contradiction. This proves the lemma.

By Lemmas 1 and 2, we have the following theorem.

Theorem. For the system (1) we assume that H(F) is compact and for
each GEH(F) the solution of (2) is unique to the right for the initial function
and that the system (1) has a solution £(t) defined on [0,) which satisfies
eM<B for all t=0 and some B<B* and which is uniformly asymptotically
stable for t=0. Then £(t) is totally stable for t=0.

Proof. Since £(¢) is uniformly asymptotically stable for £=0, for any ¢>0
there exists a §;()>0 and a T(¢)>0 such that for a solution x(¢) of the system
(1) satisfying [lxs,—&:,]|<8,(e) at some £,=0, we have ||x;—&:]|<e/2 for all £=¢,
and |lx;—&;|<8,(e)/2 for all t=¢,+ T(¢). Here we can assume that T(¢) >k and
e<B*-B.

Since the initial function of &(¢) is continuous on the compact interval
[—5,0] and £(¢) satisfies |E(#)|<B and |[E@)—E@D|ZLiY —¢’| for all ¢/,t/"=
0, {£,5¢=0} is contained in a compact subset K; of Cp+. Set K*=KUK,, where
K is the compact subset of Cp+ consisting of ¢=Cp+ such that

190 —9(0'D|<L*|6'—0"|

for all 6’,6’"’"<[—h,0] and for a fixed constant L*>L.

By Lemma 2, for K*, Biy=(B*+B)/2, 0,(¢)/2 and T(e), there exists a d(¢)
>0, 6(e)< min {6,(e)/2, L*~— L}, such that for any s=0, if x(z) is a solution of
(1) defined on s<t<s+ T'(¢) which satisfies x;&K* and ||x/|<B, and if ||lx;—¢||
<d(e) and |g(®)|<d(e), then a solution y(¢) through (s,¢) of the system (3)
exists on [s,s+ T(e)] and satisfies

AO)
2

s =yl < on [s,s+T(e)]
For a fixed #=0 consider a system (3), where |g(¢)|<d(e) for all £=¢,,

and a solution y(¢) of (3) such that ||§:,—y:,||<6(e). Since &;,€K* and §,(e)<
e, we have
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eyl <252 <e on [ttt T

and

0,(e)
2

1620+ Ty = Yo+ T || <

by the mentioned above. From this and the fact that T(¢)>k and §&,(e)<B*
—B, it follows that ||yz+7@®|<B; and |9()|<L+6(E)ZL* on £+ T(e)—hZ
t<t,+ T(e), which implies that ys+ ey KCK*. Let x2(¢) be a solution of (1)
through (¢y+ T(e), Yto+ 7). Since

10+ Ty — X2+ Tl =120+ Ty — Y20+ T(0)|| <81 (),

we have

nst—xtn<—§~ for all t=to+ T(E)

and

0,(e)

162y +27) — Xty +27(®]| < 2

On the other hand, we have

NO)

||xt—.7/t”<”2— for all te[t,+ T(e), 2+2T(e)],

because [|%z,+ () —Yrot+ T@II=0, Tte+ 7 €K™, [g(®)]<6(e) and |z |=€el+e2<
B, for all t=¢t,+ T(e). Thus we have
lé:~yidi<e on [2o+ T(e), 2+2T(e)]

and

€0 +27(e) — Yo+ 27> || <91 (€D

By repeating the same argument, we have
lé:~ydl<e on t+pT()<t<to+(p+1)T(e), p=2,3, -,

“and hence we have

[1€:—vell<e {for all z=¢,,
whenever 2,0, ||:,—vs,||<6(e) and |g()|<8(e) for all t=%,. This completes
the proof by Lemma 1.
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